Chapter 8 

Conservation Laws 


Problem 8.1 

Example 7.13, 


_ A 1 A * 
E = s 

ZTTCo S 


B = 


fiol 1 * 


>S = — {ExB) = -^-4 2 ! 

Mo 47r 2 e 0 s 2 


6 b 

P = J S ■ da = j S2tts ds = J ~d$ = ln(V a )* 


Problem 7.58. 


But V = f E ■ dl = f -ds = ln(6/a), so P = /V. 

y 2 tt£o J s 2ne 0 ^ 


E = — z 

Co 


« ~ - MO-/ . 

B = uqK x = x 

w ' 


}S=i(ExB) = -y; 

Mo 


P ~ [ S * da — S^A — but V = [ E ■ d\ — —A, so P = /K 

7 € 0 7 €q ■— 


Problem 8.2 

-z; a = Q(t) - Jf => E(i) = 
eo 


(a) E — — z; a 
eo 


Jt 

Treoa 2 


„ A dE 2 

B 2tts - /xo e o“Kr^s = 
d£ 


Itts 2 

Mo^o“— or => B($,£) = 
TTCoCt 


Mo/s - 

m*- 


I= ^ (E!<B) = S(^) (SS) ( - 3) = 


L( n V + 1 

( Mo/s\ 2 


[ 0 \TTe 0 O?) fj .0 

\ 2jto 2 J 



^ [(d) 1 + «2) ! ] 


I 2 * 

27r 2 eoa 4 " SS ' 
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du e 


dt 


Mq7 2 
2t r 2 a 4 


2 c 2 t = 


IH 

7r 2 eoa 4 1 


-V - S = 


I 2 t _ , .. 7 2 t 

V ■ (ss) = 


9u„ 


27T 2 €o<1' 1 


ir 2 eo^ 2 


/ u / 2 

U em tti27rsds = j [( ct ) 2 + (s/2) 2 ]sds = 

Over a surface at radius b: P in = — J 

b 2 

— — Pin. / (Set 6 = a for total.) 


dt 

fiawl 2 r 


/ 


fiowl 2 b 2 

2ita A 


(=<) + s 


7T a 4 


S ■ da = 


1 


' d > Y + 4 4 




2K 2 eo a 4 


(fcs * (2jrbw §)] 


dU^ m fi 0 wl 2 b 2 „ o . I 2 wtb 2 


2 na 4 


-2c t - 


7T£o& 


I 2 wtb 2 

7T€oa 4 


Problem 8*3 


= ^T- da -«*□!/ 


Sdr. 


The fields are constant, so the second term is zero. The force is clearly in the z direction, so we need 

++ If 

(T ■ da), = T zx da x + T zy da y + T zz da z = — J 

V 

1 


B Z B X da x + B Z B V da y + B Z B Z da z 


~\B 2 dafj 


1 

MO [ 


B z (B * da) — —B 1 da z 


Now B — ^-plq&Rljz (inside) and B — ~^(2cos0r -f sin 99) (outside), where m — ^'KR?{auR). (From 
3 4?rr J 

Eq, 5.68, Prob, 5.36, and Eq, 5.86.) We want a surface that encloses the entire upper hemisphere — say a 

hemispherical cap just outside r — R plus the equatorial circular disk. 

Hemisphere; 


B z 
da 
B 2 
(T ■ da). 


flora 

4nR 3 


1 2 cos 9 (r) z + sin 9 (9) z j = [2 cos 2 0 - sin 2 9] = (3 cos 2 9 - l) . 


— R 2 sin 9 d9 r ; B ■ da — 


Mom 

4? rR 3 


(2 cos 9) R 2 sin 9 d$ d$\ da z — R 2 sin 9 d9 d<j) cos 9 ; 


= (£9) 2(4cos2s+sin2 ‘ ,) = (S? i) < w ' ,+1 >- 


J_ / /i 0 m \ 2 
lin \47ri? 3 / 


Mo ^4 ttR z 
Mo 


(3 cos 2 9 — l) 2 cos OR 2 sin 9 d9 d<f> - - (3 cos 2 $ 4- 1) R 2 sin B cos 9 d9 d<p 


( <jujR\ [1 ^2 


V 3 J [2 

Mo f o-ujR 2 x 2 
T ^ 3 


R 2 sin B cos 9 dB d(p 


(12 cos 2 0-4-3 cos 2 0-1) 
^ (9 cos 2 0-5) sin 0 cos 0 dB d<j>. 


tt/2 


(Themi) - = 


/ uu)R 2 


Mo ( <JwR ^ 2tt j (9 cos 3 0-5 cos 0) sin 0 d$ = mo^ ^ ~ 


- Mo^r 


2 \ 3 

/ 

V^3 


2 r 


9 a n , 5 2/j 

— - cos 0 + - cos 0 


tt/2 


fau;R 2 \ 2 f 9 5\ f aw R 2 \ 2 
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Disk: 


Total: 


B z = 
B da — 

(T ■ = 

{Tdisk)i — 

F = -ir/io 


-fioaRuj] da = r dr = — r dr d$z; 


— -fioaRur dr d& B — 

o 


da 2 — —r dr d<f>. 


- (^fiaaRuj 

~ r dr d<f> + ^rdr d<f> = rdrd(j>. 


Mo 

-*■ Or 5 ) 




/ffW/i a V/ 0 l\ . 

/ trwF 3 \ a _ 

( 3 J ( 2+ ih= 

^(,2 J 2 


(agrees with Prob. 5.42). 


Problem 8.4 



q 2 1 


47re 0 2 (u + a 2 ) 2 (u+a 2 ) 2 


-ill fo + 1-^1 

4ttco 2 I a 2 2 a 4 


a 2 1 


4?reo (2a) 


i 2 * 


/ 


(b) In this case E = — ■ - - 2% sinflz, and sin ^ so 

4 tt^o ^ * 

£2 = £ - = fe) (M+iT' “ d hence <5 ■ <,a> - = “t te) 


ga ^ 2 r dr d0 

(r» + a 2 ) 3 


Therefore 


F, = 


60 f V°T / rdV ~ g2<1 3 

1 1 

00 * * 

[ n , 1 1 


q 2 1 

2 \27reoy J (r 2 -ba 2 ) 3 4 tt£o 

0 

4(r 2 + a 2 } 2 _ 

47re 0 

0 



47reo (2a) 2 ' 


/ 
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Problem 8*5 

(a) E x — E y — 0, E z = —a/e q. Therefore 


T — T — T 1 — 0* T — T — p2 ® . T 1 — * ( P 2 ^ g*2 

^ ^ xz — y z — ' * ' — Uj J-xx — ±yy — ^ 2 z — ^0 l ^2 ~ 2*^ ) ~ ~2^ “ Tj^ * 


«_> a 1 ( 

' -i 

0 

0 \ 

T = “ 

0 

-1 

0 

2eo ^ 

. 0 

0 

+ 1 / 


(b) F = j) T ■ da (S = 0, since B = 0); integrate over the xy plane: da = -dxdy z (negative because 
outward with respect to a surface enclosing the upper plate) , Therefore 


f a 2 F 

= j T zz da z — ———A y and the force per unit area is f = ™ = 

J 2eo 


a 2 . 
2eo 7 


(c) — T zz — a 2 /2cq j is the momentum in the z direction crossing a surface perpendicular to 2 , per unit 
area., per unit time (Eq. 8.31). 

(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is 


f = 

2eo 


(same as (b)). 


Problem 8.6 


(a) p em - e 0 (E x B) - e 0 EBy; p em - e 0 EBAdy. 


(b) I = J Fdt = / I{lx&)dt = / IBd{z x x)dt = (Bdy) / dt 

- ~(Z?dy)[Q(oo) — Q(0)] — BQd y. But the original field was E — a /to == Qje^A , so Q — e^EA, and hence 
I - \e^EBAdy\ I as expected, the momentum originally stored in the fields (a) is delivered as a kick to the 


capacitor. 


(c) / E - dl = — — ——id (for a length l in the y direction). -lE(d) + IE(0) = —ld~- => 

J dt dt dt 

jd dB F°° 

E(d) - E( 0} = d~. F = -<jAE(d)y + aAE(0)y = -aA[E{d) - £{0)]y = -oAd-~ y. 1= F dt = 
dt dt J q 

-(tiAdy) [ dt ~ — {cryldy)[B(oo) - #(0}] = aAdB y. But E — — , so I — £q EBA dy, 

J 0 dt €q 


as before. 


Problem 8,7 

B — ti 0 nl z (for a < r < R; outside the solenoid B — 0) . The force on a segment dr of spoke is 

dF = I 1 d\ x B = I 1 fionl dr(f x z) = —P^nl dr 

The torque on the spoke is 

R 

N = J r x dF — V ii^nl J rdr (— r x <j>) — (R 2 - a 2 ) (— z). 
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Therefore the angular momentum of the cylinders is L = j N dt — -~iionI(R 2 -a 2 ) z J I'dt. But / T'dt - Q, 

(in agreement with Eq. 8.35). 


L = -~fionIQ{R 2 - a 2 ) % 


Problem 8*8 

(a) 


E = 


r 0, {r < R) ■ 


IfioMz, 

(r <R) ' 

1 (r>Ji > J 

> \ B = < 

— ~ [2 cos dr 4- sind d] , 
k 4 tt r d L J 

> 

(r > R) 

/ 


> (Ex. 6.1) 


(where m — -tvR 3 M)‘, p = eo(E xB) = 


Mo Qm,- 


(4 tt ) 2 r 5 


(f x 0}sin 9, and (r x 0) — 0, so 


Mo ttiQ , jqy* 2\ 

£ = rx e = (5^~ sin0(r K<p) - 


But (r x 0) = —6, and only the z component will survive integration, so (since ( 0) z — — smO); 

2 2n x oo 

- J S J^1 ( r 2 sin 8 dr d9d<p) . J dtp = 2ir, J sin 3 9d8 = ^; J ~dr = (-ij 

0 0 


L ” (47r) 2 " Z 


1 

R' 


-fioMQR 2 z. 


(b) Apply Faraday’s law to the ring shown: 


HodM . - 

E = -T^r (rsm0)0 - 



The force on a patch of surface (do) is dF = oE do = - -- ~^( r S ' T1 #) do <fi (o = 4^2^) * 

The torque on the patch is dN = r x dF = (^ 2 sind) da(r x $). But (f x 4>) = ~6, and we want 

only the z component (9 Z — — sin0) : 

N = — ™- z f t 2 sin 2 9 (r 2 sin 9 d9 d<p) * 

u Ut J 

(I) <*> - 


TT 2 tT 

Here r = R\ J sin 3 9d8 = J dtp = 2 tt, so N = — 


3 dt 


_2po 2 dM. 
9 dt 


0 

L = J Ndt= -^-QR 2 z J dM — 

M 


~MQR 2 i 


(same as (a)). 
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9(*) 

4 nR 2 


(c) Let the charge on the sphere at time t be g(t); the charge density is a — 

(“south of”) the ring in the figure is 

7T 

q s =o(2irR 2 ) j sin B'd9' = | (-cosfl')lj = ^(l + cos0). 

0 

So the total current crossing the ring (flowing “north”) is I(t) = — - — (1 + cos 9), and hence 

2 dt 

I >■ 1 dg(l + cos#} - 


The charge below 


K(t) = 




2 nR sin 9 
Bavc “ 


a n j* • 7 T — ~ The force on a patch of area da is dF = (K x B) da. 

ArrRdt sm& v 7 

1 VqM 


2 __ fjQ 




(2cos£?f + sin 00) 


- [2 z -f- 2 cos 9 f + sin 9 0] ; 


KxB = T- ^ ( - + C ° S ^ [2(0 x z) + 2 cos 8(8x f)]. 


dN — JJf x dF = 


_ //qM f dq\ 

247 r \ dt J 


4i tR dt 6 sin £? 

(1 + COS0) 




sin 9 


2[ r x (9 x z) - cos 9 (r x (fr)]R 2 sin 9 d9 d<fi 


12 7T 


(i) 


0(r ■ z) - z(r ■ 9) 


(1 + cos 9)li 2 [cos 90 -f cos# 9} d9d<t> — 


fi^MR 2 ( dq 


6?r 

2k 


(§) 


(1 + cos 6) cos 0 dO d$ 8. 


The x and y components integrate to zero; (0)* - - sintf, so (using J d<j> = 2w): 


N t = 


Ho MR 2 
Sir 

HoMR 2 


(I) w/d + = (§) (S£ - 


\ cfi y V 3 / 9 dt 9 dt 


Therefore 


= ! 


L - / N dt = -^-MR 2 z 


h = 




(same as (a)). 


(I used the average field at the discontinuity— which is the correct thing to do— but in this case you’d get the 
same answer using either the inside field or the outside field.) 

Problem 8*9 


(a) £ = — — ; - ira 2 B\ R = ^nl s \ £ — I r R. So 


Ir = -5 ( «” 2n ) d ~k- 


(b) /e i\ = ~ => E(2jra) = ^ E = -i(io«n^ 0. B = H^L 2 (Eq. 5.38). 

J at at 2 dt 2 (£2 + z 2j 3 / 3 


S = — (E x B) = 
Ao 


_ J_ / /iprm d/ 3 \ / /x 0 / r 

/^o \ 2 dt J 1 


2 dt / l 2 ^2 + £2^3/2 


(<^i X z) =■ 


1 dl s ab 2 n 

--fiolr— T77T f* 


4 ^ (fra + 


2 , 3/2 
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Power: 


P 


00 OO 

j S ■ da. = j (S)(2-Ka)dz = —~TTfioa 2 b 2 nI n ^~ J 


(*> 2 + z 2 ) 3/ 2 


dx 


z e 00 

The integral is — — 

6 6 V 2 - + 




2 dig 

IT /Xq d Tl 

(it 


) 


I T — (RI r )I r — J r 2 iT qed 


2^ 

6 2 * 


Problem 8*10 

According to Eqs. 3.104, 4.14, 5.87, and 6.16, the fields are 



' -d-P, (r<R), 1 

3eo 


\ rMoM, 

(r < R), | 

E = i 

H 

1 

Mo m f 

L 4 ^ pr [ 3 ( nl r) r - rn], 

(r > R), J 

3 [3(p ■ r) r p], (r > R), 
t 47re 0 r J J 


where p — (4/3)7ri7 3 P, and m — (4/3 )tt.R'*M. Now P “ ^0 /(E x B)dr, and there are two contributions, one 
from inside the sphere and one from outside. 

Inside : 

Pin = Co J (dd-P^J x dr = x M) J dr = xM)^ttR 3 = ~fi 0 nI^(MxP). 

Outside: 

Pout = Co ^ J {[3(p r ) f - p] x [3(m ■ f) f - m]} dr. 

Now r x (p x m) — p(r m) — m(r p), so r x [r x (p x m)] = (f m)(r x p} — (r p)(r x m), whereas using the BAC- 
CAB rule directly gives f x (fx {p x m)] = r[f - (p x m)] - (p x m)(f r). So {[3(p ■ r) r — p] x [3(ni f ) f - m]} - 
-3(p*f)(fxm)+3(m'f)(fxp) + (pxm) = 3 {r[r - (p x m)j — (p x m)} + (pxm) — -2(pxm)+3f[f-(pxm)]. 

Pout — J ~e { — 2 (p x m ) + 3r[r ■ {p x m)]} r 2 sin 0drdQd4>. 

To evaluate the integral, set the z axis along (p x m); then f ■ (p x m) = |p x mjeos#. Meanwhile, f = 
sin 9 cos <f>x + sin 6 sin 4>y + cos $ z. But sin tf> and cos <j> integrate to zero, so the x and y terms drop out, leaving 

Pout — 


Plot — 


Mo 

16?r 2 

Mo 

16tt 2 

Mo 


(, i P^ r ){~ 2(p x m) J sin 9 d9 dip + 3|p x mj z J cos 3 9 sin 6 d9 j 

/ ! \ 00 4tt 

\ 3^ J n l _2(P * + 3(P X 

(j^ 3 p) x (^ 3M ) - ^E 3 (M x P). 


Mo 

127I-H 3 


(P x m) 


\2nB? 

(I + I) *•**<“ - p > = 


^MoH 3 (M x P). 
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Problem 8.11 

(a) From Eq + 5,68 and Prob. 5.36, 


2 e 

t < R : E = 0, B = lqgRujz , with cr = • - ' 

1 c ^ 4tt I\r 

r > R : E = - — - ~ r t B = — — (2 cos 0 r + sin 9 9 ) , with m = -Trcjwi? 4 . 
47re 0 r 2 4 7 rr 3 " 3 


The energy stored in the electric field is (Ex. 2.8): 


We = 


1 


Stt^o 


72?r 2 R 2 


1 so = 


The energy density of the internal magnetic field is: 

“= = ^ = ^(^4^)’ = 

The energy density in the external magnetic field is: 

1 al m 2 f A o n . 2 e 2 u 2 R 4 tio 1 , 9 

“ s = 2^ i* 7F ( 4 * + 8 ‘" 3 ») = ? 


2 fiQu; 2 e 2 __ Txr _ fio& 2 e 2 4_ r>3 fi,oe 2 u) 2 R 


72tt 2 R 2 3 


-Jr R 


54 7T 


(3 cos 2 9 + l) , so 


W B 


out 


W B 


Hq e 2 u> 2 R 4 
(18)(16)tt 2 


I ~S r2dr 

R 


w 


j (3 cos 2 9 + l) sin 9 d$ 
o 



^oe 2 u 2 H 4 

(T8)(16)7r 2 



(4){2tt) 


fi 0 e 2 uj 2 R 

IOStt 


Wbu + w^ % 


ptoe 2 u 2 R 

IOStt 


(2 + 1 ) 


flo6 2 UJ 2 R 

36tt 


W = W E + W B = 


1 e 2 fiQe 2 ui 2 R 

SntQ R + 36tt 


(b) Same as Prob. 8.8(a), with Q — > e and m -* ^eu;/£ 2 ; 


T fiQe 2 uiR ^ 

Li — - Z. 

18tt 


,s floe 2 h 9irh 

( c ) -rx-^R = - =>ijR= j 

18?r 2 fine 1 


Streo i? 
R = 


1 + 


2 /cufiV 

9 \c ) 


— me 2 : 


1 + 


(9)00(1.06 x 10~ 3,1 ) 

(4tt x 10 _7 )(1.60 x 10~ 19 ) 2 
2 

' = 1 + 


9.23 x 10 10 m/s. 


2 fufRy , 2/9.23xl0 10 \ ft , rt , ft4 

9 (— J = 1 + 5 bnrnH = 


(2.01 x 10 4 }(1.6 x 10~ 19 ) 2 


8tt( 8.85 x 10~ 12 )(9.11 x 10~ 31 )(3 x 10 8 ) 2 


2.95 x 10 -u m; 


-10 


U) “ 


9.23 x 10 
2,95 x 10- 11 


3.13 x 10 21 rad/s. 


Since loR, the speed of a point on the equator, is 300 times the speed of light, this “classical” model is clearly 
unrealistic. 


Problem 8.12 

E = Q* T . 

47T60 r 3 5 

B = i l ° qm r ' = fl ° qm (r-dz) 

4tt r fZ 4tt (r 2 + d? — 2rdcos0) 3 / 2 



x 
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Momentum density (Eq. 8.33): 


p = £q(E x B) = 

Angular momentum density (Eq. 8.34): 

PoqeQmd r x (r x z) 


IWeQm (-rf)(r X z) 

(An) 2 r 3 ( r 2 _j_ d 2 — Srdcos#) 3 ^ 2 


f = (rxp) = - ! 


(4tt) 2 r 3 ( r 2 -f ^ _ 2rdcos0) 3 ^ 2 
The x and y components will integrate to zero; using (r) z = cos0, we have: 


. But r x {r x z) = r(r - z) — r 2 z = r 2 cos 9 r - r 2 % 


L = - 


I r 3 (r 


r 2 (cos 2 9 - 1) 


f^OQeQmd A 

(47t) 2 y r 3 (r 2 4- d 2 - 2rdcos 0) 3 ^ 2 


r 2 sin 5 dr d$ d<l>. Let u = cos 0 


1* 


1 CG 


eQmd « yn \ f f 

z 2,r y j 


(1 - u 2 ) 


-i o 


(r 2 +(P- 2rduf /2 


du dr. 


Do the r integral first: 

CO 

r dr 


/ 


(ru — d) 


o 

Then 


(r 2 + (P — 2rdu) 3 ^ 2 d(l - u 2 )Vr 2 + cP — 2 rdu 


u d 

+ 


u + 1 


0 d(l~u 2 ) d(l-u 2 )d d(l-u 2 ) d(l-u)' 


J, 

T Mo QeQmd * 1 f 
L ~ z “ / 


Mo <7e Qm ~ 

z 

f(l + u)du=^ qm i(u + u2 ) 

1 1 

Mo Qetfm - 

j z - 

8?r d J 

-l 

(i-«) 

8 tt j 

1 y ’ 8?r V 2 J 
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Problem 8*13 

(a) The rotating shell at radius b produces a solenoidal magnetic field: 

B — fiQ K z, where K — and — — —j : . So B — - % (a < s < 5). 

2nol 2nl 

The shell at a also produces a magnetic field ( fiQU a Q /2nl) z, in the region s < a, so the total field inside the 
inner shell is 

MoQ > v * / s 

(u; a ~ ij b ) z, ( s < a). 


B ^ 


2nt 


Meanwhile, the electric field is 


E = — - — — s = 


Q 


2tT£o S 


2n€ftls 


^ = '»< e * b > = Gdy (- 


HqU(>Q \ ,, 
2nl ) 


s, (a < s < b). 
HaUbQ 2 


fio^bQ 2 


<ixi)= 4Pr7* ' = r * p = to5757 (r * *>• 


Now rx0 = (ss + 2 z) x0 = sz-ss, and the s term integrates to zero, so 

M o^bQ 2 


iio^bQ 2 - 

L= TS5- Z 


/ JT= 


4rr 2 / 2 


-it (b 2 -a 2 )lz = 


HoUbQ 2 {b 2 - a 2 ) . 
4nl Z ' 
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(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by 
d® i d$ * 

E 2tts — - — E = — — and in the region a < s < b 

dt 2irs at 


jMO Q j \ 2 

4= - 2ri 


l k)Q 

21 


2 flaQbJb j 2 2 \ MoQ / 2 „2\ ^ ^oQ ( 2^ a „2 ^ X 

s - fl ) = “(^ - WfeS );E(s) = -— — (^a— -s— 


In particular, 


E <»> - (£ ■ - £) *■ “ d E “» = ■ - *£) * 


The torque on a shell is N = r x qE = qsE z, so 

_ T „ ( f*oQa\ { du> a du> b \ , f °° , T ,, /ro<3 2 n 2 , , - 

N « = t^-,) hr " *\b L “ = i, N “* = — is- <“■-“*) •■ 

N * = L *-f N ** = 

MoO 2 


J tOt 


— jj a + L& 


4ttJ 


{a 2 w a — b 2 Wb — a 2 cj a H- a 2 ^) z = 


{ioQ 2 Ub , 2 


4tzI 


{b 2 ~ a 1 ) z. 


Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum 
in the fields (a). / 

Problem 8.14 ^ 

B = u 0 n/z, (s < R)\ E = - r, where n — (x — a,y,z). 

Attcq nr 

p = e 0 (E x B) =c 0 (Mon/) ^(* * *) = ^[yx-(s:-a)y]. 

Linear ALomenium. 

p = [ a dr = ^ oqn ^ . f — — V* . „ ^ dxdydz. The x term is odd in y; it integrates to zero. 

J J [(x - o ) 2 + jr + z^yl* 

Hoc/nl f Jl£ — — — dxdydz. Do the z integral first : 

J [(x - a) 2 + y 2 H~ z 1 \ s i z 


4tt 


[{x — a) 2 + y 2 ]y/(x — a) 2 + y 2 + z 2 [{^ * a ) 2 + V 2 } 


/ (x — n) 

— ^rdxdy. Switch to polar coordinates : 

[(X - a ) 2 Hr y 2 } 


floqnl „ 

2 7T y y tV - > y j 

s cos </>, dxdy => [(x — a) 2 + j/ 2 ] = s 2 -f a 2 — 2sacos<f>. 

j ' (a cos $ — a) _ sdsd4i 


X = 


2tt y J ( s 2 + a 2 - 2sa cos <j>) 


Now 


r2n 

Jo 


COS <j> d<p 


=~(i . v r 

J3 V - B'V ’ Vo 




2tt 


J0 (A + Bcos<t>) B V" ^.42 - B'2 y ’ 7 0 (j 4 + B cos 0) s/A^- - B 2 ' 

Here A 2 - B 2 = ( s 2 + a 2 ) 2 - 4s V = s' 1 + 2s a a 2 + a 4 - 4sV = (s 2 - a 2 ) 2 ; \/A 2 - B 2 = o 2 - s 2 . 

„ . * £> _ ™ i 


2n 




2a 3 


(a 2 - s 2 ) 


s ds 


-M2ty j R sd , = 


li^qnlR? A 
2o y ‘ 
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Angular Momentum . 


, Lioqnl , ^ t i UqQTlI { t , - r , . 

f = r x p = v _ - — r x [t/x - (x - a) yj = —— 3 ■ {z{x - a) x + zy y - [x(x - a) + jr] z} 


L — - 


4tt^ 3 4 TPt 3 

The x and y terms are odd in z f and integrate to zero, so 

+ y 2 “ xa 


z 


f ^ 

7 f(x-a 


47r ./ [(x — a) 2 + y 2 -f z 2 ] 3 / 2 


/iogn/ . 
— ■ “ z 

2tt 

= — ^iot/n/ z 


f ^_±V_ 

J [(x - a! 


- xa imqnl „ 

ax dy = — z 


dxdy dz, The z Integral is the same as before, 
s — a cos <f> 


a) 2 + y 2 ] 

2 / „2 
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2tt 


/ 


(s 2 4- a 2 - 2sacos$) 


s ds d<$ 


/[^ 4 L = 
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5 ds = f zero. 


Problem 8,15 

(a) If we’re only interested in the work done on free charges and currents, Eq, 8.6 becomes 

— [ {E ■ J/) dr. But J/ = VxH — ““ (Eq, 7,55), so E J / = E ■ (V x H) — E * From product 
Jv Ot at 


clW 

dt 


dB 


rule #6, V ■ (E x H) = H(V x E) - E ■ (V x H), while V x E = - — , so 

at 

nil o TTj 1 £bT\ 

E ■ (V X H) = -H ■ — - V ■ {E X H). Therefore E ■ J, = -H ■ - E ■ — - V ■ (E x H), and hence 


dW 

dt 


= -/v( E 'f + H f)*-£ (E x H, « a - 


This is Poynting’s theorem for the fields in matter. Evidently the Poynting vector, representing the power per 
unit area transported by the fields, is S = E x H, and the rate of change of the electromagnetic energy density 
. du em _ ^ dB , „ OB 

lS dt dt ' dt' 

For linear media, D — cE and H — — B, with e and fi constant (in time); then 

p 

du em dE 1 dB I d , 1 d 1 d 

~dr- tE '-m + v B ' aT“ 2 € ai CE ' E) + 2^a (B ' B) “2S (E,D + B ' H) ’ 


so u em — |(E ■ D + B ■ H). qcd 


(b) If we’re only interested in the force on free charges and currents, Rq, 8.15 becomes F = p/E + J/ xB. 
But p f = V ■ D, and J/ = V x H - so f - E(V • D) + (V x H) x B - x B. Now 


! (d * b) = w x b+d * and w = - v * E - 


so X B = J^(D x B) 4- D x (V x E), and 


hence f = E(V - D) — D x (V x E) — B x (V x H) — — (D x B). As before, we can with impunity add the 
term H(V ■ B), so 


f = {[E(V - D) - B x (V x £)] + [H(V B) - B x (V x H)]} - — (D x B), 


The term in curly brackets can be written as the divergence of a stress tensor (as in Eq, 8,21), and the last 
term is (minus) the rate of change of the momentum density, p = D x B . 


